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Abstract. Algebras with identity (a*6)*(c*d) — (a*d)*(c*fe) = 
(a, b, c)*d— (a, d, c)*6 are studied. Novikov algebras under Jordan 
multiplication and Leibniz dual algebras satisfy this identity. If 
algebra with a such identity has unit, then it is associative and 
commutative. 

1. Introduction 

Let (A,o) be some algebra with multiplication AxA—>A, (a, 6) i— ► 
a 06. One can consider an algebra v4 + = (A, { , }) under Jordan prod- 
uct {a, b} = aob + boa. The algebra A + satisfies the commutativity 
identity 

{a, b} = {b, a}. 

Let V be some variety of algebras. Denote by V + a variety gen- 
erated by algebras A + , where Ag V. One can ask about a minimal 
identity of minimal degree for V + that does not follow from the com- 
mutativity identity. If such identity exists call it Jordan identity. 

Let Ass be a class of associative algebras. Well known, that Jordan 
identity for Ass + is the following identity of degree 4 

{{a, b}, {c, d}} + {{a, c}, {d, b}} + {{a, d}, {b, c}} 

-{{&, c}, a}, d}} - {{c, a}, b}} - {{d, b}, a}, c} = 0. 

An algebra (A, o) with identity 

a o (6 o c) — (a o 6) o c = a o (c o b) — (a o c) o b 

is called right- symmetric. This identity can be written in terms of 
associators (a, b, c) = a o (6 o c) — (a o 6) o c, as follows 

(a, 6, c) = (a, c, 6). 

That is the reason why this identity is called right-symmetric. Right- 
symmetric algebras was introduced around 1960's in [20], [Hj, M. 



A right-symmetric algebra A is called (right) Novikov M, [T^, if the 
following left- commutativity identity is true 

a o {b o c) = 6 o (a o c). 
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In fact right-symmetric was considered about 100 years before in || 
and Novikov algebras appeared earlier in || . Right-symmetric algebras 
are Lie-admissible. Any right-symmetric algebra under commutator 
[a, b] = a o b — b o a is a Lie algebra. 

An algebra with multiplication A x A — > A, (a,b) i— ► a x b and the 
identity 

(axb)xc = ax(bxc + cxb) (1) 



is called (left) Leibniz dual |12[]. Notice that any Leibniz dual algebra 
is right- commut at ive 

(a x b) x c = (a x c) x b. (2) 

For these algebras one can define their right and left versions by con- 
sidering algebras under the opposite multiplication (a, b) \— > b o a. In 
our paper we mainly consider right symmetric and right Novikov alge- 
bras. If otherwise are not stated the names Leibniz dual and Novikov 
mean left Leibniz dual and right Novikov, correspondingly. 

We consider algebras with the identity of degree 4 

(a * b) -k (c * d) — (a * d) * (c * b) = (a, b,c) * d — (a, d, c) * b. 

(3) 

Here (a, b) i— > a * b is the multiplication of algebra and (a, b, c) = 
a-k (b-k c) —(a * b) * c is the associator for the multiplication * . Call 
this identity a (right) Tortken identity. Call any algebra with identity 
(0) (right) Tortken algebra. In kazak "tort" or "tirt" means four. 
Examples of Tortken algebras. 

1. Polynomial algebra K[x] under multiplication 

(a, b) i— > d(ab). 

2. Polynomial algebra K[x] under multiplication 



(a, b) t— > a / 6 (fø. 
Jo 

3. Divided power algebra 0\{ra) under multiplication 

(a, b) ^ d(&- x (a)8P-\b)), 

if c/iar = p > 0. 

4. Divided power algebra Oi(m) under multiplication 

(a,b) ^ d 2k+1 (d 2k - l (a)d 2k -\b)), 

if p = 2 and > 0. 

Let jV be a class of Novikov algebras. Call A + Novikov- Jordan , 
if A is Novikov. We show that Jordan identity for A/" + is Tortken 
identity. We prove that some Osborn algebras under Jordan product 



NOVIKOV-JORDAN ALGEBRAS 



3 



are simple. We establish that Leibniz dual algebras gives us another 
examples of algebras with identity (|3|). These algebras are not com- 
mutative, but they are right-commutative. So, in general the class of 
Tortken algebras does not coincide with the class of Novikov- Jordan 
algebras. 

One can consider left Tortken identity 

(a * b) -k (c-k d) — (c -k b) -k (a * d) = —a -k (b, c,d) + c-k (b, a, d). 

If (A,*) is right Tortken, then (A,*), where a*b = b-ka is left Tortken. 
For commutative Tortken algebras, like Novikov- Jordan algebras, left 
and right Tortken identities are coincide. In general they are different 
identities. 

We prove that algebras with identity (|3|) and with a unit is associative 
and commutative. In ||, 0, fll3f , fl4|l , [|i~5|1 algebras with identity of 



degree 3 and 4 are classified. Their classification was done under the 
condition that algebras have unit. Therefore, the class of algebras with 
identity (0) is not in their list. 

Let [a, b, c] = (a, b, c) — (a, c, b) be a deviation of associators. In 
[|19f is proved that many known classes of algebras (Lie, Jordan, right- 
symmetric algebras, LT-algebras) are satisfy the identity 

[a * b,c,d] = a* [b, c, d] + [a, c, d] * b. 

Novikov- Jordan algebras Os + (a,/3) do not satisfy this identity. There- 
fore, algebras with identity @ are not in this class. 

Identities of right-symmetric algebras was also studied in H. 



2. Tortken identity and some consequences of degree 4 

Let A be an algebra over the field K of characteristic p > 
and / = f (ti, . . . ,tk) be some non-associative polynomial in variables 
t\, . . . ,tk- We say that / = or f (ai, . . . , a/-) = is identity on A, 
if f (a\, . . . , Ofe) = for any substitution ti := aj G A. 

Let A be an algebra A with multiplication A x A — > A, (a, b) i— > a-kb. 
Recall that its element e G A is called a left unit, if e*a = a, for any 
a £ A. Similarly, e is called a right unit, if a* e = a, for any a £ A. 
Left and right unit is called unit. 

Theorem 2.1. Let A be an algebra with the identity (|3|) . 

i) // A has right unit, then A satisfies the following identity 

a-k (b-k c + c-kb) = 2(a-kb) -k c. (4) 

ii) // A has left unit, then A is associative and commutative. 
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Proof. i) Let e be the right unit. Then 

(a, b, e) = (a * b) -k e — a -k (b -k e) = 0, (5) 
for any a,b,c G A. Take c := e in (|]). By (§) we have 

(a * b) * (e * d) — (a * d) * (e * b) = 0, (6) 

for any a,b,d G A. In (|6]) take d := e. We obtain that 

a-kb — a-k (e -kb) = 

(a -k b) -k (e -k e) — (a * e) * (e * b) = 0, 
for any a, 6 G A. In other words, 

(a-k e) -kb — a-k (e-kb) = (a,e,b) = 0. (7) 

Now take d := e in (|3|). By (|7|) we have 

(a -k b) -k (c * e) — (a * e) * (c * 6) = (a, 6, c) * e. 

So, 

(a * 6) * c — a * (c * b) = (a, 6, c). 

In other words, (||) is true. 

ii) Let e be the left unit. Then 

(e, a, b) = e -k (a -k b) — (e -k a) -k b = 0, 

for any a,b G A. Therefore, for a := e from (0) it follows that 

b*(c*d) -d*(c*b) = 0. (8) 

In (H) take c := e. We have 

b-k d — d-kb = 0, 

for any b,d £ A. So, the algebra A is commutative. Thus, according 

b-k (c-k d) = d-k (c-kb) = (c-kb) -kd = (b-k c) -kd. 

Corollary 2.2. Any algebra with unit and identity (|) is associative 
and commutative. 

Remark. If p ^ 2 from the identity (Q) follow the right-alternative 
identity (a, b, b) =0 and right-commutativity identity (a -kb) -k c = 
(a-k c) -kb and vice versa, from these two identities follow (|j). Notice 
that, the right-alternativity identity itself is not enough to obtain (f|). 

For an algebra A with multiplication A x A ^ A, (a,b) i— > a-kb, let 
r a : A — > A, b i— >■ a -k b be the operator of multiplication to a. 
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Proposition 2.3. Let A be a commutative algebra with identity (|3|) . 
Th en 

Y, signar aaW r aam r atr(3) = 0, 

a&Symz 

for any ai, ci2, 03 G A. 
Proof. 

((x * a) * 6) * c + ((x * 6) * c) * a + ((x * c) * a) * 6 
— ((x * a) * c) * b — ((x * 6) * a) * c — ((x * c) * 6) * a = 

((x * a) * 6) * c — ((x -k b) * a) -k c + ((c-k b) -k a) -k x — ((c-k a) -k b) -k x + 

((x * b) -k c) -k a — ((x -k c) -k b) -k a — ((a -kb) -k c) -k x + ((a-k c) -kb) -k x + 
((x * c) * a) * b) — ((x -k a) -k c) -k b + ((b -k a) -k c) -k x — ((b -k c) -k a) -k x = 
(by identity @) 

((b-k x) -k (a*c)) — ((b-k c) -k (a-k x)) + 

((c -k x) -k (b -k a)) — ((c-k a) -k (b-k x)) + 
((a -k x) -k (c-k b)) — ((a -kb) -k (c-k x)) 
(by the commutativity condition) 

= 0. 

Corollary 2.4. Let A be a commutative algebra with identity (|3|) . 
Then for any a, b,c,x G A, 

(a, b-k x, c) + (b,c-k x, a) + (c,a-k x, b) = 0. 
Proof. By proposition |2.3| 

(c, a-k x, b) + (a, b-k x, c) + (b, c -k x, a) = 

((x -k a) -kb) -k c— ((x -k a) -kc) -kb) 
+ ((x -kb) * c) * a) — ((x * 6) -k a) -k c) 
+ ((x -k c)*a) *b) — ((x -k c)*b)* a) 
= 0. 

Corollary 2.5. Let A be a commutative algebra with identity (|3|) . 
Then for any a, b,c,x G A, 

(a, x,b) -kc+ (b, x,c) -ka + (c, x,a) -kb = 0. 
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Proof. By proposition |2.3| , 

(a, x, b) * c + (6, x, c) * a + (c, x, a) * 6 = 

((x * 6) * a) * c) — ((x * a) * 6) * c) 
+ ((x * c) * 6) * a) — ((x -k b) * c) * a) 
+ ((x * a) * c) * 6) — ((x * c) * a) * b) = 
= 0. 

3. NOVIKOV ALGEBRAS UNDER JORDAN PRODUCT 

Proposition 3.1. Let A be a Novikov algebra. Thenfor any a%, a 2 , a 3 G 

A, 

E s ^ ncrr ^ { i)^ CT(2) ra CT(3) = 0. 

i/ere r a fre i/ie right-multiplication operator: (b) r a = b o a. 
Proof. For any a, b, c, d G A, we have 

((a o 6) o c) o d + ((a o c) o d) o 6 + ((a o cf) o 6) o c 

— ((a o b) o g?) o c — ((a o c) o b) o d — ((a o d) o c) o b = 
(by right-symmetric rule) 

(a o 6) o (c o d — d o c) + (a o c) o (d o b — b o d) + (a o d) o (6 o c — c o 6) = 
(by left-commutativity rule) 

co((ao6)od)-do((flo!))oc) 
+<i o((floc)o6)-fco((aoc)od) 
+fco((aod)oc)-co((dod)o6) = 
(by right-symmetric rule) 

b o (a o (d o c — c o <i)) 
+c o (a o (6 o <i — d o 6)) 
+d o (a o (c o b — 6 o c)) = 
(by left-commutativity rule) 

bo(do(aoc))-6o(co((io d)) 
+c o (6 o (a o d)) -co(do((io6)) 
+d o (c o (a o b)) — d o (6 o (a o c)) 
(by left-commutativity rule) 

= 0. 
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Corollary 3.2. Let a o b = aof(b) be a new multiplication in Novikov 
algebra (A, o), where f G End A. Then the algebra (A, o) satisfies the 
following identity of degree 4 

((a o b) o c) o d + ((a o c) o d) o b + ((a o d) o b) o c 

— ((aoc)ob)od—((aod)oc)ob — ((aob)od)oc = 0, 

for any a, b, c G A. 

Proof. Notice that aob = ar/(&). Therefore our identity is equiva- 
lent to the relation 

E S ^ ° r /K(i)) r /K( 2) ) r /(a CT(3) ) = 0. 
<reSj/m3 

Example 1. Any associative algebra is right-symmetric. 

Example 2. Let U be the algebra of Laurent polynomials fr[£ ±:L ] 
(if p = 0) or divided power algebra Oi(m) (if p > ) and Wi or 
Wi(m) be the Lie algebra of special derivations ud, where d(x l ) = 
ix' l ~ l (if p — 0) or d(x^) = x^ 1 -*. Define the multiplication on W\ 
or Wi(m) by 

ud ovd = vd(u)d. 

We obtain a right-symmetric algebra. Call it as a right-symmetric Witt 
algebra. This construction can be easily generalized for the case of any 
associative commutative algebra U with derivation d. 

Example 3. An algebra A with a basis {ei, . . . , e n } and multipli- 
cation ei o ej = ej is left-commutative and associative. In particular, 
A is Novikov. Its Jordan algebra arises in genetics and it is called as a 
gametic algebra [0] . Jordan algebra for A satisfies (associative)- Jordan 
identity {{{x,x},y},x} = {{x, x}, {y, x}} and identity (§). 

Any associative algebra is Lie-admissible: under commutator [a, b] = 
aob — boa it can be endowed by a structure of Lie algebra. It is also 
well known, that an associative algebra with multiplication (a, b) i— ► 
aob can by endowed by a structure of Jordan algebra under the anti- 
commutator {a, b} = aob+boa. Right-symmetric algebras are also Lie- 
admissible. Below we describe analog of Jordan algebras for Novikov 
algebras. 

A commutative Tortken algebra is called special Tortken, if it is 
isomorphic to some subalgebra of Tortken algebra of the form A + , 
where A is Novikov. 

Theorem 3.3. Let A be a Novikov algebra. Then the algebra A + sat- 
isfies the Tortken identity; moreover, this identity is a Jordan identity 
for A + . 
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Proof of theorem |3.3| needs several lemmas. Below we assume that 
A is Novikov algebra and that a, b,c,d G A. 

Lemma 3.4. 

(a, 6, c) + = {{b, c}, a} - {{b, a}, c} = {6, [c, a]}. 
Proof. It is easy to see that 

(a, 6, c) + = {{6, c}, a} - {{b, a}, c}. 

Therefore, 

(a, 6, c) + = 

(6 o c) o a + (c o b) o a + a o (6 o c) + a o (c o b) 

— (6 o a) o c — (a o b) o c — c o (b o a) — c o (a o 6) = 

(left-commutativity identity) 

= (6 o c) o a — (b o a) o c — (a o c) o b + (c o a) o b + (a o c) o 6 

— (c o a) o 6 + (c o 6) o a — (a o 6) o c +a o (6 o c) — c o (6 o a) . 
By left-commutativity, 

a o (b o c) — c o (6 o a) = 
b o (a o c) — b o (c o a) = 
6 o [a, c]. 

Therefore, 

(a, 6, c) + = 

b o [c, a] + [c, a] o 6 + a o [c, b] + c o [b, a] + b o [a, c] = 

{b, [c, a]}. 

Lemma 3.5. 

{(a, 6, c) + , rf} - {(a, <i, c) + , 6} = {[c, a], [6, d]}. 
Proof. By lemma |3~J. 

{(a,6,c) + ,4 = {{6, [c,a]},4, 
{(a,d,c) + ,6} = {{d, [c,a]},6}. 

Thus, 

{(a, 6, c) + , d} — {(a, d, c) + , b} = 
{{b, [c, a]}, d} - {{d, [c, a]}, b} = 

(d, [c,a],b) + = 

{[c, a], [6,o?]}. 
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Lemma 3.6. 

{{a, b}, {c, d}} - {{a, d}, {c, b}} = 
{d o c, a o b} + {c o d, b o a} — {b o c, a o d} — {c o b, d o a} . 
Proof. We have 

{{a, b}, {c, d}} - {{a, d}, {c, b}} = 
(a o b) o (c o d) + {b o a) o (c o d) + (a o b) o (d o c) + (6 o a) o (d o c) 
+ (c o rf) o (a o b) + (c o d) o (6 o a) + (d o c) o (a o 6) + (d o c) o (6 o a) 
— (a o rf) o (c o 6) — (a o d) o (6 o c) — (d o a) o (c o 6) — (d o a) o (b o c) 
— (c o b) o (a o d) — {b o c) o (a o <f) — (c o 6) o (rf o a) — (6 o c) o (d o a) = 
(left-commutativity rule) 

= c o ((a o 6) o d) + c o ((6 o a) o d) + d o ((a o b) o c) + d o ((6 o a) o c) 
+a o ((c o rf) o b) + 6 o ((c o rf) o a) + a o ((d o c) o 6) + 6 o ((d o c) o a) 
— c o ((a o d) o 6) — b o ((a o d) o c) — c o ((d o a) o 6) — 6 o ((d o a) o c) 
— a o ((c o 6) o d) — a o ((6 o c) o d) — d o ((c o 6) o a) — d o ((6 o c) o a) = 
+a o ((c o d) o b + (d o c) o b — (c o b) o d — (b o c) o d) 
+& o ((c o d) o a + (d o c) o a — (a o d) o c — (d o a) o c) 
+c o ((a o 6) o d + (6 o a) o d — (a o d) o fe — (d o a) o fe) 
+d o ((a o 6) o c) + (6 o a) o c — (c o b) o a — {b o c) o a) = 
(right-symmetric and left-commutativity rules ) 

= a o (c o [d, 6]) +(d o c) o (a o 6) — {b o c) o (a o d) 

+ 6 o (d o [c, a]) +(c o d) o (6 o a) — (a o d) o (6 o c) 
+ c o (a o [6, d}) +(b o a) o (c o d) — (d o a) o (c o b) 
+ d o (6 o [a, c]) +(a o b) o (d o c) — (c o 6) o (d o a) = 

(left-commutativity rule) 

(d o c) o (a o 6) — (fe o c) o (a o d) + (c o d) o (b o a) — (a o d) o (6 o c) 
+ (6 o a) o (c o d) — (d o a) o (c o b) + (a o b) o (d o c) — (c o 6) o (d o a) = 
{d o c, a o 6} + {c o d, 6 o a] — {b o c, a o d} — {d o a, c o b}. 

Lemma 3.7. 

{[c,a],M} = 
{d o c, a o 6} + {c o d, 6 o a} — {6 o c, a o d} — {c o 6, d o a}. 
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Proof. We have 

{ [c, a] , [b,d]} — {doc,aob} — {cod,boa} + {boc,aod} + {cob,doa} = 
(c o a) o (b o d) — (c o a) o (d o b) — (a o c) o (b o d) + (a o c) o (d o 6) 
+(6 o (i) o (c o a) — (d o 6) o (c o a) — (6 o d) o (a o c) + (d o 6) o (a o c) 

— ((i o c) o (a o b) — (a o 6) o (d o c) 

— (c o d) o (5 o a) — (5 o a) o (c o d) 
+(6 o c) o (a o cf) + (a o d) o (6 o c) 

+ (c o 6) o (d o a) + (<i o a) o (c o b) = 
(left-commutativity rule) 

= b o ((c o a) o d) — d o ((c o a) o 6) — b o ((a o c) o <i) + d o ((a o c) o b) 
+c o ((6 o d) o a) — c o ((<i o 6) o a) — a o ((6 o d) o c) + a o ((<i o 6) o c) 
—a o ((<i o c) o 6) — d o ((a o 6) o c) 
— 6 o ((c o d) o a) — c o ((6 o a) o d) 
+a o ((6 o c) o <f) + b o ((a o d) o c) 
+d o ((c o 6) o a) + c o ((d o a) o 6) = 
a o (—(6 o d) o c + (<i o b) o c — (d o c) o 6 + {b o c) o d) 
+6 o ( (c o a) o d - (a o c) o (f - (c o (I) o a + (a o d) o c) 
+c o ((6 o d) o a — [d o 6) o a — (b o a) o d + (c? o a) o b) 
+d o (— (c o a) o 6) + (a o c) o b — (a o 6) o c + (c o b) o a) = 
a o (6 o [c, <i] + d o [6, c]) 
+b o (c o [a, <i] — a o [c, d]) 
+c o (6 o [d, a] — d o [6, a]) 
+d o (— c o [a, 6] + a o [c, 6]) = 
(left-commutativity rule) 



Lemma |3.7] is proved. 

Denote by Oi(oo) infinite-dimensional algebra {x^ : < i} with 
multiplication 



a o (b o [c, d]) + a o (d o [b, c]) 
+b o (c o [a, d]) — a o (b o [c, d]) 
+6 o (c o [d, a]) — c o (d o [6, a]) 



+c o (— d o [a, 6]) + a o (d o [c, b]) 



0. 
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If p > 0, then it has p m -dimensional subalgebra 

O^m) = {x {i) : <i <p m }, 

for any nonnegative integer m. The algebra 0\ (m) is called it divided 
power algebra. If p — 0, then Oi(oo) is isomorphic to polynomial 
algebra K[x\. The isomorphism can be given by x^' i— > x l /i\. Take 
now a new basis of the vector space Øi(oo) that consists of elements 
ti = x^ l+l \ —1 < i. Endow the vector space Oi(m), p > by 
multiplication 

_(i + j + 2\ 
€■1 * tj — l ^ ^ l e J+ j . 

This algebra is commutative and satisfies identity (Q). In notation of 
section |]this algebra is isomorphic to Os + (0,0,m). 

Lemma 3.8. (p + 2). Le^ Os+(0,0) = {e^ : -1 < i, i e Z} 6e 

Novikov- Jordan algebra with multiplication ei-kCj = (i + j + 2)ei + j (we 
will consider this algebra more detailed in section (|]) ). Any multilinear 
polynomial identity of degree 3 of the algebra (Os + (0,0),*) follows 
from commutativity identity. 

Proof. According commutativity rule we can assume that / has 
the form 

f(h,t 2 ,t 3 ) = \x(tit 2 )t 3 + X 2 (t 2 t 3 )t 1 + A 3 (* 3 *l)t2- 

Then 

f(e h ej, e s ) = ((i+j+s+2)(i+j+2)X 1 +(j+s+2)X 2 +(s+i+2)X 3 )e i+j+1 . 

Therefore, the condition f(ei,ej,e s ) = gives us that 

(i + j + 2)X t + (j + s + 2)A 2 + (s + i + 2)A 3 = 0, 

for any i,j, s G Z, s > —1, such that i + j + s + 2 ^ 0. So, 
for (i,j, s) = (1, 2, 3), (2, 3, 1), (3, 1, 2), we obtain the system of linear 
equations, with determinant 54. Thus, this system is non-degenerate, 
if p^2,3. Let p = 3. Then for (i,j,s) = (1, 1, 0), (1, 0, 1), (0, 1, 1) we 
obtain non-degenerate system of 3 x 3 equations. Hence, Ai = X 2 = 
A 3 = 0, if p + 2. 

Remark. If p = 2, lemma ^8 is not true. In this case Jordan 
product and Lie products are coincide and any special Tortken algebra 
satisfies Jacobi identity. 

Lemma 3.9. (p ^ 2). For the algebra (Oi(m),*) the space of mul- 
tilinear polynomial identities of degree 4 is generated by the following 
polynomials 

Tortken(ti,t 2 ,t 3 ,t4) :— 
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(*lt2)(M4)-(*l*4)(M2)-(*l(*2*3))t4+((*lt2)t3)*4+(*l(M3))*2-((*lt4)*3)t2, 



Tortken'(ti,t 2 ,t 3 ,t4 : ) : = 
(tit 3 )(t 2 t 4 ) + (tefats) + ((tit 3 )t 4 )t 2 
+((hU)t 2 )t 3 + ((t 2 t 3 )h)t 4 + ((t 2 *4)f 3 )fi, i/ (p,m) = (3, 1), 

Com(tii t 2 ) := tit 2 - Mi- 

Proof. According commutativity condition we can assume that / 
has the following form 

f(tl,t 2 ,t 3 ,t4) = 

l^i{tit 2 )(t 3 U) + ^(ht^ihU) + ^ 3 {tit A )(t 2 t 3 ) 
^{{t]t 2 )h)U + fJ>5((tit2)U)t 3 + ^{{tih)t 2 )t A + ^7{{hh)U)t 2 

H&{{titi)t 2 )t 3 + fl 9 ((tlU)t 3 )t2 + A*lo((*2*s)*l)*4 + A*ll((*2*3)*4)tl 
+A*12((*2*4)*l)*3 + ^13(^2^4)^3)^1 + A*14((*3*4)*l)*2 + ^lb{{hU)t 2 )ti . 

Suppose that p > 3 or m > 1, if p = 3. Let 1 = x^\x = x^\ 
Make the following 10 substitutions of (ti, t 2 , t 3) t 4 ) : 

(x, x, x, 1), (x, x, 1, x), (x, 1, x, x), (1, x, x, x), (1, 1, x, 2^ ^), (1, 1, \ x), 

(l,x( 2 \x,l),(x,l,l,x( 2 )),(x( 2 ),l,l,x),(l,l,l,x( 3 )). 

We obtain the system of linear equations M/z* = 0, where n = 
(/ii,... ,^15) is a row with 15 components, // is corresponding col- 
umn and M is 10 x 15-matrix 
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1 
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1 


1 / 



It has rank 10 and has the following fundamental system of solutions 
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{(1, 


0. 


-1, 


0. 


1. 


0. 


0. 


-1, 


0. 


0. 


-1, 


0. 


0. 


0. 


1), 


(1, 


0. 


-1, 


0. 


1. 


1. 


-1, 


-1, 


0. 


-1, 


0. 


0. 


0. 


1. 


o), 


(o, 


1. 


-1, 


-1, 


1. 


1. 


o, 


-1, 


0. 


o, 


-1, 


0. 


1. 


0. 


o), 


(o, 


1. 


-1, 


0. 


0. 


1. 


0. 


-1, 


0. 


-1, 


0. 


1. 


0. 


0. 


0), 


(0, 


0. 


o, 


-1, 


1- 


1- 


-1, 


-1, 


1- 


o, 


0. 


0. 


0. 


0. 


0)} 



So, we can take fig, fii 2 , fii 3 , fiu, fii5 as a free parameters. Then 



fil = 


flU + ^15? 


tø = 


fl>12 + ^13? 


tø = 


~tø2 — tø3 ~ tø4 — A*15> 


fl 4 = 


-^13 _ ^9, 


tø = 


jUl3 + 1^14 + tøb + fi9, 


A*6 = 


tø2 + tø3 + tøl + fig, 


fi 7 = 


—fiu — fig, 


tø = 


—fi\2 — fi\3 — fiU — tøh — fi9, 


tøo = 


- —fll2 — flu, 


tøl = 


- ~fil3 — fil5- 


Thus, 





f = tøfl + /W2 + øis/s + fiufå + tøsfs, 

where 

fl = ~ si 9 n(T (( t l t <r(2))ta{2))ta(3), 

f 2 = Tortken(t 1 ,t 3 ,t 2 ,U), 



f 3 = (ht 3 )(t 2 t 4 ) - (tit A )(t 2 t 3 ) - ((tit 2 )t 3 )u 

+((tih)U)t 3 + ((tit 3 )t 2 )t 4 - ((tiU)t 2 )t 3 - ((t 2 t 3 )U)h + ((t 2 t 4 )t 3 )t h 

f a = (tih)(t 3 u) - (ht^ihh) + {{t x t 2 )u)t 3 
+((ht 3 )t 2 )u - {{tih)u)t 2 - ((tit 4 )t 2 )t 3 - {{t 2 t 3 )ti)t 4 + {{t3U)h)t 2 , 

f 5 = (^(hu) - (hu)(t 2 t 3 ) 
+((ht 2 )h)t 3 ) - ((tit 4 )t 2 )t 3 - ((htsWi + ((htMh. 



We see that, f 2 is the identity (Q) for ti,t 3 ,t 2 ,t 4 . By proposition |2l3|, 
fi = is identity for any commutative Tortken algebra. It is easy to 
see that f 3 = 0, f 4 = 0, f 5 = are follow from corollary |2]5] and (|3|). 

We omit details of tedious calculations for (p, ra) = (3, 1). They are 
similar to above given case. We just mention that 

(a * c) * {b -k d) + (a * d) * {b * c) + ((a -k c) * d) *b 

+{{a*d) *b) * c + ((b* c) * a) * d + ((b* d) * c) * a = 2d 3 (a - b- c- d), 
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if p = 3 and a-kb = d(a-b). Thus Tortken' is an identity for (p,m) 
(3,1). 



Proof of theorem 3.3. Tortken identity for Jordan product follows 



from lemma 3.5, 3.6, 3.7. Second part of theorem kO follows from 



lemma 3.S and 3.9 



4. Simple Novikov-Jordan algebras 

Let 0\{m) = {x W : < i < p m — 1} be divided power algebra with 
multiplication 

if p > 0. If p = we can consider an algebra Oi(oo) = {a^ : i G 
Z,i > 0} with the same multiplication. 

Let U = K[[x ]] be Laurent formal power series algebra, if p — 0, 
and {7 = Oi (rn), if p > 0. So, any element of U for p = has a 
form X)p.i Aj-a? 7 ', where a number of non-zero terms in positive part 
A-, G K,j > 0, may be infmite, but the number of non-zero terms in 
negative part, \{Xj : j < 0}| is finite. 



In [[Uj , |TjJ , |L8| , it is proved that the algebra defined on polynomials 
algebra U — K[x] by the rule 

(a, b) i — ► <9(a)6 

and on Laurent formal power series algebra f/ = /^[[ar^JJjp = 0, by 

(a, b) i— > <9(a)6 + ax~ x ab + (3x~ 2 ab, a, (3 E K, 

is Novikov and simple. In the case of p > 0, £7 = Oi(m) this multipli- 
cation is changed by obvious way 

(a, b) i — ► 5(a)6 + ax^-^aft + px {pm ~ 2) ab, a,(3eK. 

Denote such algebras in honor of M. Osborn by Os if U = K[x],p = 0, 
Os(a,/3), if f/ = ^[[ar^p = 0, and Os(a,f3,m), if U = Oi(m),p > 
2. 

In this section we denote by * the Jordan bracket { , }. 

Let p = 0. Take U = K^x^]]. Let Os(a,0) be a subspace of 
Os(a,0) generated by the set {x 1 : i ^ —2a — l,i G Z}, if a G |Z. 
Notice that 

^ * ^ = (i + j + 2a)x i+j ~ 1 + 2f3x i+j - 2 . 

Therefore, the coefficient at < x -2 " -1 > of any element of the form 
X = x % * J2j AjZ J = J2j Aj (i + j + 2a)x l+ i~ 1 is equal to Xj(i + j + 

2a)8 i+ j + 2a,o, that is 0. So, Os + (a,0) is not only subalgebra, but also 
an ideal of Os + (a,0). 
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Let now p > 0. The multiplication on Os + (a, /3,m) can be given 

by 

x {i) * x ij) = 
j y i+J - 1) +2/3^ox ( " 
In particular, 

l*l = 2{3x^ m -V+2ax^ m - 1 \ 
l^x^ = l-2Px^ m ~ 1 \ 
U^^^- 1 ), j > 1. 
If a = 0, the algebra Os + (o;,/5, m) has the ideal 

O7 + (0, /3, m) = {1 - 2(3x { P m - 1 \ x® : < i < p m - 1} 
of dimension p m — 1. 

Theorem 4.1. Let 

• A = Os+, ifp = 0, 

• A = Os + {a, (3), if p = and (3^0, or (3 = 0, a £ §Z, 

• A = Øl + (a, 0), i/ p = and /3 = 0, a G |Z, 

• A = Os + (a:, /3,m), if p > 2 and a ^ 0, 

• A = Os + (0,/3,m), if p > 2 and a = 0. 
TYien A simple Novikov-. Jordan algebra. 

Proof. Let f/ = K[x],p = 0. Then 1 * x 1 = ix % ~ x . If J is ideal of 

Os+ and ^ X = £ io 

<i<u £ ^ Åjj 7^ 0, then by multiplying 1 to 
X ii times, we obtain the element X^iilx G J. Therefore, 1 G J and 
x* = (i + ile J, for any « > 0. This means that J = Os + . 

Below in case of p = we assume that U consists of Laurent formal 
power series. Let X e A. Present X as a linear combination of basic 
elements: X = Y.j>i^j xj Aj G K, if p = or X = Y,j>i XjX^\ \j G 
K, if p> 0. Set |X| = i, if Ai ^ 0. 

Let J be non-zero ideal of A. Take some ^ I G J. Suppose that 

I-X") = z. 

Step 1. Let M be a set of elements I G J, such that |X| > 0. 
Prove that M^Ø. 

If p > 2 this statement is trivial. 

Let p — 0. Suppose that |X| = « < 0. There exists some j > 
\i\ + 1 > such that 

• x j G A 

• j 7^ — i — 2a, and 

• X' = X*x j = \i{i + j + 2a)x i+j ~ 1 + 2[3\iX i+j - 2 + X" G J, where 
I-X"" | > i + j - 1, and |X"| > i + j - 1, if = 0. 
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If = 0, then \i(i+j+2a) ^ and \X"\ > Therefore, in this 

case X' ^ 0. If (3 ^ 0, then x l+ i~ 2 enters with non-zero coefficient 
2(3 in decomposition of X 1 by basic elements. In particular, X' ^ 0. 
So, in both cases, X' ^ 0,X' E J and \X'\ > 0. Therefore, the set 
M = {X E J : \X\ > 0} is not empty. 

Step 2. Take ^ X E M with minimal degree |X |. Let |X | = 
i > 0. Prove that i = 0, if (a,/3) + (-1/2,0) and i = 1, if 
(a, /3) = (-1/2,0). 

Consider firstly the case a = —1/2,(3 = 0. Suppose that io > 1. 
Then 1 £ Oi + (-l/2, 0), but ar 1 G Os + (-l/2, 0). We have 

x 1 = x- 1 * x = A i0 (i - 2y°- 2 + x; g j, 

where |X{] > i — 1. Thus, = 2. Then 

X 2 = x 2 * X = 3\ 2 x 3 + X' 2 eJ, \X' 2 \ > 3. 

We have 

X 3 = x- 1 *X 2 = 3\ 2 x + X' 3 eJ, \X' 3 \ > 1. 

Since X io ^0,i = 2, we obtain contradiction. So, i = 1, if (a, (3) = 
(-1/2,0). 

No consider the case, when (a, (3) ^ (—1/2,0). In this case 1 G A 
or 1 — 2(3x <<pm ~ 1 ' ) E A, if a = 0,p > 0. Suppose that io > 0. Then 
X := 1 * X G J or X := (1 - 2{3x^ m -^) * X G J in case of 
a = 0,p > 0, satisfies the condition 

< |X | < \x \. 

Therefore, X = 0, and i = 0. 

So, our statement in step 2 is proved. 
Step 3. Now prove that J = A. 

Let p = 0. If ^ 0, then x i+2 E A = Os + {a,f3), for any i G Z. 
Thus 

X * x i+2 = 2px i + X' EJ, \X' \ > i, 

for any i E Z. This means that in J one can get basis with elements 
of the form 2f3x % + X' , \X' Q \ > i, i E Z. Recall that in case of p = 
our algebras consist of Laurent formal power series, i.e., infinite sum in 
positive part is allowed. Therefore, J = Os + (a,j3), if P ^ 0. 
If p = o, a ^ -1/2, P = 0, then 

X * = (i + 1 + 2a)x i + Xq g J, > i. 

So, J = Os(a, 0), if a £ |Z. If 2a + 1 G Z, then X G Øs(ai, 0) and 
J = {x i : i G Z, i ^ -2a - 1} = Os(a, 0). 
If p = o,a = -1/2, P = 0, then 

X * a;* = ix* + Xq g J, |Xq| > i, 
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for any i ^ 0. So, J = Os + (-l/2, 0). 
If p > 2 and eA,i>0, then 

X * x {i) = x (< ~ 1} + Xq g J, |X^| > i. 

So, J has elements of the form F = + AjX^ pm_1 \ < z < p m — 1. 
Notice that 

Fi * Yi = 2x (1) G J. 

Therefore, ÅiX^" 1 " 1 - 1 G J. 

Suppose that J has element x^ -1 ). The multiplication of this 
element p m — i — 1 times by x*- -* := 1 , gives us the element x® G 
J,i> 0. FinaUy, 1 * i' 1 ' = 1 - 2flx^ m -^ G J. Therefore, 1 G J, and 
J = Os(a, fl, m). So, if Ai ^ 0, then our theorem is proved. 

Consider the case, Ai = 0. Then x^ G J and 

Y *x^ = l-2[3x^ m -V eJ. 
So, Ao = —2(3. Further, 

F *F = Ul + 2A Ux^- 1 ) = 2ax( pm - 1 ) + 2A x( pm - 2 )+2/?x( pm - 2 ' G J. 

Thus, 2ax^' m ~ 1 ' G J. So, if a^O, then J = Os(a, fl,m). If a = 0, 
then J = Os + (0, fl, m). Theorem is proved completely. 

Remark. If in the case p = we consider Laurent polynomials 
algebra instead of formal power series, then theorem [O] is not true. 
Below we give one counterexample. 

Set x 1 = x\ if i < — 1 and x 1 = x 1 + 2(i + l)~ 1 flx l ~ 1 , if i > —1. Let 
Os(0,fl) be a subspace of Os(0, fl) generated by elements x\i ^ — 1. 
Notice that, if a = 0, fl = these two definitions of subspace Os(0, 0) 
are coincide. 

Lemma 4.2. (p = 0). Let U = K[x ±l ]. The subspace Os{0,fl) C 
Os(0, fl) is close under multiplication (a, b) f— > a-kb = d(ab) +2flx~ 2 ab. 
Moreover, it is an ideal of codimension 1. 

Proof. It is obvious. 

Remark. The algebra Os(0, 0) = {x 1 : i ^ —1} has a nontrivial 
central extension. The cocycle ip corresponding to this central exten- 
sion can be given by 

ip(x l ,x J ) = s i+j)0 . 

It has the following property: 

ip({x\ x j }, x s ) + ip({x j , x s }, x 1 ) + ip({x s , x 1 }, x j ) = 2, 

if 

if){{x\ x j }, x s ) + ip({x j , x s }, x 1 ) + ip({x s , x 1 }, x j ) ^ 0, 
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i.e., if i + j + s — 1. In the case of characteristic p > the definition 
of should be slightly changed: 

Notice that ( p ™) = 0(modp), if < i < p m } and this definition is 
correct. 

5. Leibniz dual algebras 

An algebra A with multiplication o is called (left) Leibniz, if it 
satisfies the identity 

(a o b) o c — a o (b o c) + 6 o (a o c) = 0. 

Similarly, an algebra with identity 

a o (6 o c) — (a o 6) o c + (a o c) o b = 

is called right Leibniz An algebra (A, x) is called (left) Leibniz 
dual, if it satisfies the identity 

(a x b) x c = a x (b x c) + a x (cx b). 

Proposition 5.1. Let A be a Leibniz dual algebra. Then it satisfies 
(right) Tortken identity. 

Proof. According (TJ) 

(a, 6, c) = a x (6 x c) — (a x 6) x c = — a x (c x b). 
According (0) 

(a, 6, c) x d = —(a x d) x (cx b). 
By analogous reasons 

— (a, d, c) x b = (a x b) x (c x b) . 

Thus 

(a x 6) x (c x d) — (a x d) x (c x b) = (a, b,c) x d — (a, d, c) x c. 

Example 1. In |12] it is proved that the Leibniz cohomology group 
of trivial module H* ei (L,K) for Leibniz algebra is Leibniz dual under 
the cup product. Statements of this paper can be generalized. Let us 
give some of such generalizations. 

Proposition 5.2. Let g be a right Leibniz algebra and R be a left 
Leibniz dual algebra. Then the tensor product g ® R equipped with the 
multiplication 

(x <8> r) o (y ® s) = [x, y] ® rs 
is a right- symmetric algebra. 
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Proof. By definition 

(x <g> r) o ((y tg s) o (2; (g £)) - ((x (g r) o (y (g s)) o (2 (g> £)) 
-(x <g> r) o ((2 (g i) o (y (g s)) + ((x (g r) o (z (g t)) o (y (g s)) = 

[x, [y, z]]®r(st) — [[x, y],z] (g (rs)i— [x, [2, y]]<gr(ts) + [[x, z], y] (g (rt)s = 

(by left Leibniz dual condition) 

[x, [y, z}} (g r(st) - [[x, y], z] (g r(st) - [[x, y], z] (g r (is) 

- [x, [z,y]) (g r(ts) + [[x, z], y] (g r(ts) + [[x, z],y] (g> r(st) = 
(by right Leibniz dual condition) 

= 0. 

Corollary 5.3. (Proposition 1.3 of [|l^]) Let q be a right Leibniz al- 
gebra and R be a left Leibniz dual algebra. Then the tensor product 
q (g R equipped with the multiplication 

(x <g r) o (y (g s) = [x, y] ig rs — [y, x] (g sr 

is a Lie algebra. 

Second gener alizat ion concerns cup-products. Cup-products of Leib- 
niz cohomologies can be defined not only for pairing of trivial modules 



as it done in JT2[ . Let g be a left Leibniz algebra, M be a symmetric 
module, N be an anti-symmetric module and S be an anti-symmetric 
module. Suppose that there is given a bilinear map 

M x iV — > S, (m, 11) h m U ri 

such that 

X(m Lin) = X(m) Un + mU X(n), 

for any X G g, m G M, n G iV. This cup product can be prolonged 
until the bilinear map 

CUø,M)xC l lei ( B ,N)^Cf+ l (Q,S) 

by 

rpU(j>{X u ... ,X fc+i ) = 
^ signa ip(X a (i), . . . , X CT ( fc) ) U ø(X CT ( fc+ i), . . . ,X CT ( fc+i) ). 

Summation here is under cx G Sym k+h such that er(l) < • • • <r(/c) and 
a{k + 1) < • • • < a(k + l),a(k + l) = k + l. This bilinear map is 
compatible with action of a coboundary operator 

d(ip U <j>) = dil> U ø + (-1) IV V U 
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If M = K be the trivial module and N is an antisymmetric module 
and (K, N) — > N, (A, n) i— ► An be a natural bilinear map, then the the 
cup-product satisfies the Leibniz dual rule 

V u (0 U x) = (V u ø + (-i)MMø U ^) U x, 

where ^ e Q ei (ø,^),^ C? ei {g, N), X & C? ei {g,N). This means that 
H* ei (g,K) is not only right Leibniz dual algebra, but also H* ei (g,N) 
is a left module over right Leibniz dual algebra H* ei (Q,K), if N is 
antisymmetric. 

Another gener alizat ion concerns cup-products of right-symmetric al- 
gebras. 

Example 2. Let A be a right-symmetric algebra and M be a 
right-symmetric module with a cup product 

M x M — ► M, (ra, n) i— > ra U n. 

For instance we can take as M the trivial module with usual multipli- 
cation K x K — » iT, (A, //) i— > A/x. Let 

C r % m (A M) x C r % m (A M) - C r % m (A M), tø, 0) -> V U 

be the cup product of corresponding cochain complexes ||. Then this 
cup product satisfies Leibniz dual law 

(Vuø)u x = ^u(øu x + u 0), 

where ^ G C r * sym (AM),0 G ^ m (i,M), X G C r % m (A,M). For in- 
stance, the right-symmetric cohomology of the trivial module H* sym (A, K) 
is a left Leibniz dual algebra under the cup product and H* sym (A, M) 
is a right module over left Leibniz dual algebra H* sym (A, K). 

Proof of this statement repeats arguments of JT^| . 

Example 3. Let A = K[x] and a -kb = a Jq bdx. Then (A,*) is a 
left Leibniz dual. It is easy to see that identity (P is equivalent to the 
condition of integration by parts. 

6. TORTKEN ALGEBRAS IN CHARACTERISTIC p > 

Theorem 6.1. Let K be a field of characteristic char K = p > 0, 
(A, o) be an associative commutative algebra and D be a derivation of 
(A, o). Let □ = D k> i be a new multiplication on A depending on some 
integers < k < l, such that 

aUb = D(D pk -\a) o D pl -\b) + D pl -\a) o D pk ~ 1 (b)), 

if k 7^ l and 

aUb = D{D pk -\a)oD pk - l (b)), 

if k = l. Then 
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i) (A, □) is Tortken, if k = l,p > or l — k + l,p — 2. 

ii) If k ^ l,p > 2 or l — k > l,p — 2, then there exists some asso- 
ciative commutative algebra (A,o), such that (A, □) is not Tortken. 

Proof. Define multiplications * and *' by 

a*b = D(D pk -\a)oD pl -\b)), 
a*' b = D{D^-\a) o D pk ~ l {b)). 

Then 

aOb = a-kb + a*'b 

if k ^ l and 

adb — a*b, 

if k — l. 
Let 

f (a, b, c, d) = 
(aDb)D(cDd) - (aDd)D(cnb) 
-(a,b, c) n Dd+{a,d, c) n Db. 
For the multiplication * we have 

(a, b, c)* = a -k {b * c) — (a * 6) * c = 

DiD^-^a) o ^ i - 1 ( J D(D pfc - 1 (6) o /y-^c)))) 
-DiD^-^DiD^ia) o D pl -\b))) o D pl -\c)) = 

D(D pk -\a)oD p \D pk -\b)oD pl - 1 (c))-D pk (D pk - 1 (a)oD pl - 1 (b))oD pl - 1 (c)) = 

D ^D pk -\a) o D^+^-^ft) o i/" 1 ^) +^ pfc " 1 (a) o o D^-^c) 

-I***" 1 (a) o o D pl -\c) - D pk -\a) o D pk+pl -\b) o Z^" 1 ^ = 

D (D pk -\a) o D pk -\b) o D 2pl -\c) - D 2pk -\a) o D pl -\b) o D pl -\c)) . 
Thus 

(a, b, c)* -kd = 

D(D pk (D pk -\a) o D pk -\b) o D 2pl -\c) 
-D 2pk -\a) o o D pl -\c)) o D pl -\d)) = 
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D (D 2pk -\a) o D pk -\b) o D 2pl -\c) o D pl -\d) 
+D pk -\a) o D 2pk -\b) o D 2pl -\c) o D pl -\d) 

+D pk -\a) o D pk -\b) o D^+^-^c) o D^-^d) 
-D 3pk -\a) o o I^-^c)) o D pl -\d) 

-D 2pk -\a) o o D pl '\c)) o D^-^d) 

-D^-^a) o D pl -\b) o D^+^-^c) o D pl -\d)j . 
Similarly, 

(a, <i, c)* -kb = 

D (D 2pk ~\a) o D^-^d) o D 2pl -\c) o D pl ~\b) 

+D pk -\a) o D 2pk -\d) o fl 2 "'-^) o D pl -\b) 
+D pk ~\a) o DP*" 1 ^ o D pk+2pl -\c) o D^-^ft) 
-D^-^a) o D pl ~\d) o £)P -^c)) o D pl -\b) 

-D 2pk -\a) o D pk+pl -\d) o Zy-^c) o I^-^d) 
-D 2 ^-» o D pl ~\d) o iy+^-^c) o D pl -\b)^j . 

Therefore, 

(a, 6, c)* * d — (a, d, c)* *b = 

D (D 2pk -\a) o D pk ~\b) o D 2pLl ( c ) o D pl -\d) 
+D pk -\a) o D 2pk -\b) o D* Ll (c) o iy-^d) 
+ J D pfc - 1 (a) o D pk -\b) o iy+^-^c) o iy-^d) 
-D 2pk ~\a) o iy+^-^6) o iy-^c) o D pl -\d) 
-D 2pk -\a) o iy-^d) o D 2pl -\c) o iy-^6) 
-iy-^a) o D 2pk -\d) o D* Ll ( c ) o D pl -\b) 
-D pk -\a) o iy-^d) o D pk+2pl -\c) o iy-^6) 
+D 2pfc - 1 (a) o D pk+pl -\d) o iy-^c) o iy-^6)) . 
On the other hand, 

(a -k b) -k (c * d) = 
D (/y (Zy^(a) o D pl -\b)) o D p \D pk -\c) o D^id))) = 
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D \D 2pk -\a) o D pl -\b) o D pk+pl -\c) o D pl -\d) 

+D pk -\a) o D pk+pl -\b) o D pk+pl -\c) o D pl -\d) 

+D 2pk ~\a) o D pl -\b) o D pk '\c) o D 2pl ~\d) 
+D pk -\a) o D^+^-^ft) o DP*" 1 ^) o D 2pl -\d)) . 

Similarly, 

(a -k d) -k (c -k b) = 

D (^D 2pk - 1 (a) o D pl -\d) o D pk+pl -\c) o D pl '\b) 

+D pk -\a) o D pk+pl -\d) o D^+^-^c) o D pl -\b) 

+D 2pk ~ 1 (a) o i^-^d) o D pk -\c) o 
+D p ^ 1 (a) o D pk+pl -\d) o i^-^c) o . 

Thus, 

(a -k b) -k (c -k d) — (a * d) * (c * b) = 

D {D pk -\a) o D pk+pl -\b) o D^+f-^c) o D pl -\d) 

+D 2pk '\a) o D^-^ft) o D pk -\c) o D 2pl -\d) 
+D pk ~ 1 (a) o D^+p 1 - 1 ^) o D^-^c) o D^-^d) 

-D pk -\a) o D^+^-^d) o l -\ c ) o D""" 1 ^) 

-D^-^a) o D pl -\d) o D^-^c) o D 2pl -\b) 
-D pk -\a) o D pk+pl ~\d) o DP*- 1 ^) o D 2pl -\b)) . 
Now we are ready to establish i). We see that, if k — l, then 

f(a,b,c,d) = 

D (r^-^a) o D 2pk -\b) o D^-^c) o D pk -\d) 

- D 2pk -\a) o D 2p "- 1 (b) o D^-^c) o i^-^d) 

- D pk -\a) o D 2pk -\d) o D^-^c) o DP*" 1 ^) 
+ L» 2 ^"» o D 2p "-\d) o D^-^c) o D^-^fe) 

- D pk -\a) o D 2 ^- 1 ^) o D^-^c) o L^-^d) 
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- D 2pk -\a) o D pk -\b) o D pk -\c) o D 2pk ~\d) 
+ D pk -\a) o D 2pk -\d) o D 2pk ~\c) o D^-^fo) 

+ £> J **- 1 (a) o D pk -\d) o D^-^c) o D 2pk -\b) 

= 0. 

The case p = 2, Z = k + 1 can be established by analogous way. One 
just need to use the following relations 2p k = p l ,p k + p l — 1 = 3p k — 1. 

To prove ii) take the algebra of divided powers 0\{m) as A. Then, 
substitutions a = x^ p ~ x \b = x^ 2p c = ~ l \d = x^ 2p ) in formu- 
las for f (a, b, c, d) show that 

f(x {pk ~ 1 \x {2pk ~ 1 \x ( - pl ~ 1 \x {2pl) ) = -1, 

if / > k,p > 2 or l - k > l,p = 2. 

Remark. We was not able to construct in Oi(m) some Novikov 
multiplication *, such that adb = a * b + b * a. We do not know 
whether the divided power algebra Oi(m) under Tortken multiplica- 



tion □ constructed in theorem 6.1 is special. 



7. CONSEQUENCES OF TORTKEN IDENTITY OF DEGREE 5 

Theorem 7.1. Let A be a commutative Tortken algebra and a, b, c, x, y 

are any elements of A. Then 

i) 

(a, y, b)k (x* c) + (b, y, c) * (x k a) + (c, y, a) k (x* b) 
— (a-ky)* (b, x, c) — (b*y) k (c, x, a) — (c*y) k (a, x, b) = 0, 
ii) (p^3) 

((xk a) k (ykb) — (x k b) k (y k a)) * c 

+ kb)k(ykc) — (æ * c) * (y * 6)) * a 
+ * c) * (y k a) — (x k a) k (y k c)) * b = 0, 

iii) 

(x, y k a, b) k c + (x,y kb,c) k a + (x, y k c,a) kb 
— (x, y kb, a) k c — (x,y k c,b) k a — (x,y k a,c) kb = 0, 

iv) 

(((x ka)kb)kc)ky + {{{x kb)kc)ka)ky + {{{x kc)ka)kb)ky 
— {{{x kb) ka)kc)ky — (((xkc) kb) ka) ky — (((x ka) k c) kb) ky = 0. 
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Proof. i) According fl3|) for ai = a,a 2 = b, a 3 = c, 
(a (T (i),x*a (T (3 ) ,a (T (2)) *y = 
(Oa(i),2/,a ff ( 2 )) * (æ*a CT ( 3) ) 
* (a<r(2) * (æ*a<7(3))) + (0,7(1) * (a?*a ff (3))) * (<V(2) *2/)- 
Let Sym® be the cyclic subgroup of Sym 3 of order 3. Therefore, 

^ (a (T (i),y,a (T (2))*(a;^a (T (3)) 

-(a<r(i) * 2/) * (o<t(2) * (x * a CT (3))) + (a CT (i) * (x * a CT(3 ))) * (a CT(2) * y) 
= y* ( a a(i),xka a{3) ,a a{2) ) = 

(by corollary |2.4| ) 

= 0. 

Since 

(a, y, fe) * (x * c) + (6, y, c) * (x * a) + (c, y, a) * (x * b) 

— (ak y) * (b* (x k c)) + (bk y) * (ak (x-k c)) 

— (b -k y) -k (c-k (x -k a)) + (c-k y) -k (b -k (x -k a)) 
— (c-k y) -k (a k (x k b)) + (a-k y) k (ck (x k b)) = 

(a, y, b) -k (x -k c) + (6, y, c) -k (x-k a) + (c, y, a) -k (x-k b) 

— (a -ky) -k (b, x, c) — (bky) k (c, x, a) — (c-k y) k (a, x, b), 

our statement is proved. 
ii) Set 

g = ((x k a) k (y kb) — (x kb) k (y k a)) k c 
+ ((x kb) k (y k c) — (x k c) k (y kb)) k a 
+ ((x -k c) k (y k a) — (x -k a) -k (y -k c)) -k b. 

According (^), 

((x, a,y) kb — (x, b,y) k a) -k c 
+ ((x, b,y) -kc — (x, c, y) -k b) -k a 
+ ((x, c,y) -ka — (x, a, y) k c) -k b = 

((x, a,y) -k b) -k c — ((x, a,y) -k c) k b 
+((x, b,y) -k c) k a — ((x, b,y) ★ a) k c 
— ((x, c, y) -k b) k a + ((x, c, y) k a) k b = 

(a, (x, b, y),c) + (b, (x, c, y),a) + (c, (x, a, y),b) = 



2(> 
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We have 
(by corollary ^] 



(a, x -k (y ~k b) , c) — (a, y -k (x * 6) , c) 
(6, æ * * c), a) — (6, y * (æ* c), a) 
(c, x -k (y-k a),b) — (c,y -k (x -k a),b). 

(a, x -k (y -kb),c) = 
(a, c-k x, y -kb) — (c,a-k x,y -k b). 



Similarly, 

(b, x -k (y -k c),a) = (b,a -k x,y -k c) — (a,b -k x,y -k c) 
(c, x -k (y -ka),b) = (c,b -k x,y -k a) — (b,c-k x,y -k a) 

— (a, y -k (x -k b), c) = —(a, c-ky,x -kb) + (c, a * y,x -kb), 
—(b, y -k (x -k c), a) = —(6, a-ky,x -k c) + (a,b -k y,x -k c), 

— (c,y-k(x-ka),b) = — (c,b-ky,x -ka) + (b,c-k y,x -k a). 

Hence 

9 = 

(a, c-k x, y -kb) — (c,a-k x,y -k b) 
+ (b, a-kx,y -k c) — (a,b -k x,y -k c) 
+ (c,b-k x,y -k a) — (b,c-k x,y -k a) 

— (a, c-ky,x -kb) + (c,a -k y,x -kb) 
—(b, a-ky,x -k c) + (a,b -k y,x -k c) 

— (c, b-ky,x-ka) + (b,c-ky,x -k a). 
Collect together all associators with the first element a : 

(a, c-k x, y -kb) — (a,b-k x,y -k c) — (a,c-ky,x-kb) + (a,b-ky,x -k 

a -k ((c -k x) -k (y -k b)) — (a-k (c-k x)) -k (y -kb) 
—a-k ((b-kx) -k (y-kc)) + (a-k (b-kx)) -k (y -k c) 
—a-k((c*y)-k(x*b)) + (a * (c -k y)) -k (x -k b) 
+a -k ((b -k y) -k (x -k c)) — (a -k (b -k y)) -k (x -k c) = 

2a -k ((c -kx) -k (y -k b)) — (a-k (c-k x)) -k (y-kb) 
—2a -k ((b -kx)-k (y-k c)) + (a-k (b-k x)) -k(y-kc) 
+ (a -k (c-k y)) -k (x -k b) — (a -k (b -k y)) -k(x-kc). 
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Similarly, 

(b,a-k x,y -k c) — (b,c-k x,y ★ a) — (b,a* y,x -k c) + (b,c-k y,x -k a) = 

2b-k ((a-k x) -k (y -k c)) — (b-k (a-k x)) -k (y -k c) 
—2b -k ((c-k x) -k (y -k a)) + (b-k (c-k x)) -k (y -k a) 
+ (b -k (a-k y)) -k (x -k c) — (b -k (c * y)) *(x*a) 

and 

(c,b-k x,y -k a) — (c,b -k x,y -kb) — (c,b -k y,x * a) + (c,a*y,x*b) = 

2c * ((6 -k x) -k (y-k a)) — (c * (6 * x)) *(y*a) 
—2c * ((a*x)*(y*b)) + (c * (a * x)) *(y*b) 
+ (c-k (b -k y)) -k (x -k a) — (c -k (a -k y)) -k (x -k b) . 

Hence 

5 = 

2a * ((c -kx)-k (y-k b)) — (a * (c * x)) -k(y-kb) 
—2a -k ((b -kx)-k(y-k c)) + (a * (6 * x)) -k (y -k c) 
+ (a-k (c-k y)) -k (x -kb) — (a -k (b -k y)) -k (x -k c) 
+26 * ((a * x) * (y * c)) — (6 * (a -k x)) -k (y -k c) 
—2b -k ((c -k x) -k (y -k a)) + (b -k (c -k x)) -k (y -k a) 
+ (b -k (a-k y)) -k (x -k c) — (b -k (c -k y)) -k (x -k a) 
+2c -k ((b -k x) -k (y -k a)) — (c -k (b -k x)) -k (y -k a) 
—2c -k ((a -k x) -k (y -k 6)) + (c-k (a-k x)) -k (y-kb) 
+ (c -k (b -k y)) -k (x -k a) — (c-k (a -k y)) -k (x -k b) = 



-2g 

— (a-k(c-kx))-k(y-kb) + (a-k (b-k x)) -k (y-k c) 
+ (a-k (c-k y)) -k (x -k b) — (a -k (b -k y)) -k (x -k c) 

— (b-k (a-k x)) -k (y -k c) + (b -k (c -k x)) -k (y-k a) 
+ (b -k (a -k y)) -k (x -k c) — (b-k (c-k y)) -k (x -k a) 

— (c-k(b-kx))-k(y-ka) + (c -k (a -k x)) -k (y -k b) 

+ (c-k (b-k y)) -k (x -k a) — (c -k (a -k y)) -k (x -k b) . 

Collect in the last expression all terms of the form (•••)* (y * &). We 
obtain 

— (a-k (c-k x)) -k (y -k b) + (c -k (a-k x)) -k(y-kb) = 
(c,x,a) -k (y-kb). 
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Collect similarly, all terms of the form (■■•)* (u * v), where u = x,y, 
v — a,b, c. We have 

9 = 

—lg + (a, x, b) -k (y -k c) + (6, x, c) * (y * a) + (c, x, a) * (y * b) 
— (a, y, b)* (x*c) — (6, y, c) * (x * a) — (c, y, a) * (x * 6) = 

(by (i)) 

-2g. 

Thus, 3g = 0, and g = 0, if p 7^ 3. 

iii) Follows from corollaries |2]4] and 2J3 . 

iv) Follows from proposition pT3 . 



Corollary 7.2. // A is commutative algebra with identity (| 
field of characteristic p 7^ 3, i/ien 

(a, (6, x, c),y) + (b, (c, x, a),y) + (c, (a, x, 6), y) 

-(a, (6, y, c), x) - (6, (c, y, a), x) - (c, (a, y, 6), x) = 0, 

/or any a, 6, c, x, y G A. 

Proof. By commutativity rule, 

((x * a) -k (y * 6) — (x -k b) -k (y * a)) 
+ ((x * b) * (y * c) — (x * c) -k (y * 6)) 
+ ((x * c) * (y * a) — (x -k a) -k (y * c)) * 6 



* c 



((a -k x) -k (b -k y) — (a -k y) -k (b -k x)) -k c 
+ ((6* x) * (c*y) — (b*y) -k (c-k x)) -ka 
+ ((c*i)*(o*j/) — (c * y) -k (a * x)) * b = 

(identity (§) 

((a, x,b) -ky — (a, y,b) -k x) -k c 
+ ((6, x,c) -ky — (6, y, c) * x) * a 
+ ((c, x,a) -ky — (c, y,a) -kx) -kb = 

((a, x,b) -k y) -k c — ((a, y,b) -k x) -k c 
+ ((6, x, c) * y) * a — ((6, y, c) * x) * a 
+ ((c, x, a) -kg) -kb — ((c, y,a) -k x) -kb = 
(by corollary [2.5|) 



over a 



((a, x,b) -k y) -k c — ((a, y,b) -k x) -k c 
+ ((6, x, c) * y) * a — ((6, y, c) * x) * a 
+ ((c, x, a) -kg) -kb — ((c, y,a) -kx) -kb 
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— ((a, x, b) -k c) * y + ((a, y,b) * c) * x 

— ((&, x, c) * a) * y + ((&, ?/, c) * a) * i 
— ((c, x, a) * 6) * y + ((c, y,a) -kb) -k x = 

+ (a, (6, x, c), y) + (&, (c, x, a), y) + (c, (a, x, 6), y) 

-(a, (6, y, c), x) - (6, (c, y, a), x) - (c, (a, y, 6), x). 

It remains to use theorem |7.1| . 

Remark. Very likely that all identities of degree 5 of free special 
Tortken algebra follow from four types of identities mentioned in theo- 
rem [7.1| , if p > 3. It will be interesting to find some s -identity (if such 
identity exists), i.e., an identity that is true for any special Tortken 
algebra, but is not true for some commutative Tortken algebra. 
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